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Abstract
We introduce a powerful non-parametric image labeling framework, Regression
Tree Fields (RTFs), and discuss its application to image restoration. The conditional structure and the parameters of our model are estimated from training data
so as to directly optimize for popular performance measures, resulting in excellent
predictive performance at low computational cost.

1

Introduction

Probabilistic graphical models have emerged as a standard tool for building computer vision models [1, 2]. They allow us to make predictions given noisy image observations by relating the observed
image to the variables of interest in a coherent way.
There are three key challenges that need to be overcome in order to use graphical models to solve
computer vision tasks: parameterization, inference, and learning. Parameterization is the specification of the model structure and its parameters that need to be estimated from training data. Inference
refers to the test-time task of reasoning about the state of the variables that interest us, given the
observation. Learning means to estimate model parameters from training data so as to make good
predictions at test-time. All these tasks are related to each other and even for simple models turn out
to be intractable, necessitating approximations in model specification, inference, and estimation [2].
Our work addresses all three challenges and provides an efficient, yet highly effective framework
for structured prediction tasks that allows us to surpass the state of the art in important applications,
as illustrated via the real-world problem of image restoration in this paper.

2

Model

Our model is a Gaussian conditional random field, the factors of which are determined by means of
non-parametric regression trees in a manner that will be made precise shortly.
2.1

Gaussian Conditional Random Fields

Gaussian CRFs were first introduced in [3]. Consider an observed input image x, and a corresponding labeling, the output image y. Gaussian CRFs model the probability of each output given an
input image, p(y ∣ x; w) ∝ exp[−E(y ∣ x; w)], via a quadratic energy
def 1

E(y ∣ x; w) =

2

yT Q(x; w)y − yT l(x; w).

(1)

Together with the input x, the model parameters w determine the coefficients Q(x; w) ≻ 0 and
l(x; w) of the energy. For a given input x, the prediction ŷ(x; w) under this model is given by
ŷ(x; w) = argmax p(y ∣ x; w) = [Q(x; w)]−1 l(x; w),
def

(2)

y

which is typically found by solving the sparse linear system Q(x; w)y = l(x; w). The solution is
both the mean and the mode of the Gaussian density p(y ∣ x; w).
1

1

Yj
Yi

2

2
1

3

3

2

1

observed image

Figure 1: Illustration of how regression trees and random fields are combined in an RTF: A pairwise
factor type is instantiated on a grid of random variables. At each instantiation, a tree is evaluated on
the surrounding image content, performing a sequence of tests (1, 2, 3) until a leaf node is reached.
The selected leaf node determines the effective interaction used for the factor. The conditional model
now becomes a Gaussian random field, enabling efficient inference as a solution to a linear system.
2.2

Parameter Estimation

Given i.i.d. training data D = {(x(i) , y(i) )}N
i=1 , one may wish to use the maximum likelihood estimate (MLE) of the model parameters, due to its favorable asymptotic properties [4]:
(3)
ŵMLE = argminw∈Ω − ∑i log p(y(i) ∣ x(i) ; w),
where constraint set Ω enforces positive-definiteness of the precision matrix Q(x; w). However, to
optimize (3), one must repeatedly compute the mean parameters
def

def

µ = Ey∼p(y∣x;w) [y] and Σ = Ey∼p(y∣x;w) [yyT ].
(4)
The complexity of the latter computation is cubic in the number of pixels and hence prohibitive even
for instances of modest size.
2.2.1

Maximum Pseudolikelihood Estimation

In [5], we overcome the computational limitations of MLE by maximizing the pseudolikelihood [6]
instead (MPLE), where the model parameters are estimated as
(i)

(i)

(5)
ŵMPLE = argminw∈Ω − ∑i ∑j∈V log p(yj ∣ yV∖j , x(i) ; w).
Hence, the objective decomposes into likelihoods of single pixels j ∈ V conditioned on the observed
labels of the other pixels. For yj ∈ RD , these conditioned subgraphs are just D-dimensional Gaussians, so the mean parameters µj∣V∖j ∈ RD and Σj∣V∖j ∈ RD×D ≻ 0 are low-dimensional, which
renders the approach efficient.
2.2.2

Empirical Risk Minimization

However, MPLE (just like MLE) fails to take into account the loss function that is ultimately applied
to the predictions of a system at test time. Hence, in [7], we estimate the model parameters from
training data by minimizing the empirical risk
1 N
(i)
(i)
(6)
∑ ` (ŷ(x ; w), y ) ≈ Ep(y,x) [` (ŷ(x; w), y)] .
N i
The loss function `(ŷ, y)∶ Y × Y ↦ R+ measures the error present in the prediction ŷ relative to
the ground truth y. By choosing ŵERM = argminw R(D, w), the model is determined such that its
predictions incur the least possible loss on the training data. As we will demonstrate empirically,
this approach has benefits beyond the computational perspective.
def

R` (D, w) =

2.3

Regression Tree Fields

Regression tree fields [5] extend the original Gaussian CRF model in two ways. First, the energy of
a labeling is specified in terms of local models over subsets of pixels. The parameters of these local
models include a linear term and an inverse covariance matrix, both estimated from data. Second,
the local model that is in effect at a given position of the image is determined via a regression tree
(cf. Fig. 1), rendering the approach non-parametric.
2

2.3.1

Parameterization

Each local energy term working on a subset of pixels is called a factor and denoted by F . The
components of y corresponding to the pixels covered by factor F will be denoted by column vector
yF . Factors sharing the same parameters are grouped into types. The set of all factors F of type t
is denoted by Ft . Each factor type t defines a regression tree that stores at its leaves l ∈ Lt a set of
(l)
(l)
(l )
parameters wt = {Lt , Qt }l∈Lt . We define Lt (xF ) and Qt (xF ) as maps to the parameters Qt ∗
(l∗ )
and Lt of the leaf l∗ that was selected for factor F of type t given the observed input image x.
The energy of a particular factor F of type t then assumes the form
def 1

Et (yF ∣ xF ; wt ) =

2

yFT Qt (xF )yF − yFT Lt (xF )bt (xF ),

(7)

where bt (xF ) ∈ RBt is a linear basis vector whose dimensionality depends on the factor type.
In the simplest case, this term is constant, bt (⋅) = 1 ∈ R, but in addition, we use more general
image features in our experiments. For the parameters, if yF ∈ RDt , we have Lt (xF ) ∈ RDt ×Bt
(l)
and Qt (xF ) ∈ RDt ×Dt ≻ 0. The positive-definiteness constraint on the latter implies that all Qt
parameters must also be positive-definite and ensures that
def

E(y ∣ x; w) = ∑ ∑ Et (yF ∣ xF ; wt )

(8)

t F ∈Ft

leads to a Gaussian density p(y ∣ x; w) ∝ exp[−E(y ∣ x; w)]. Predictions are obtained as in (2).

3

Loss-Specific Training of Regression Tree Fields

The RTF parameterization is powerful, but how can we find trees and leaf parameters to minimize
the empirical risk? Ideally both the structure of the regression trees as well as their parameters are
jointly chosen to minimize this objective. But because the RTF model is a random field, all parts
of the model interact with each other and this makes joint minimization challenging. Nonetheless,
joint loss-based training is indeed possible at reasonable computational cost.
The intuition behind this is as follows: In [5], we already showed that for the pseudo-likelihood
objective, it is possible to efficiently split tree nodes based on the largest increase in gradient norm.
An increase in the gradient norm indicates that further decrease in the objective function is possible
and hence indicates a good split. This approach avoids the mistake of learning trees separately, but
still does not account for the loss function at test time.
Consequently, in [7], we extended this approach to any differentiable loss function `, which indeed
results in considerable gains in practice.

4

Application to Image Denoising and Deblocking

The image restoration problem maps into our framework as follows. The observed input image x
denotes the corrupted image, which is generated from ground truth y via some perturbation process.
In the classical image denoising setting, an additive white Gaussian noise assumption is made, that
is, x = y + z for z ∼ N (0, σ 2 I). This is the setting we will consider here; however, we emphasize
that our model is also well-suited for structured noise, such as JPEG blocking artefacts [7].
In any case, the restored image ŷ can be obtained as the prediction of our model given the corrupted
def
input, i.e. ŷ = ŷ(x; w) = [Q(x; w)]−1 l(x; w).

5

Experiments

We adhere to a strict experimental protocol, using the disjoint training, validation and test splits from
the BSDS500 database [9] (images scaled by a factor of 0.5).
The images are perturbed with additive white Gaussian noise (AWGN), for noise levels σ ∈
{20, 30, 40, 50}. The results achieved by our system configurations, as well as the strongest competitors, are shown in Table 1.
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Figure 2: Visual improvement in denoising quality: Our P SNRRTFA LL -system clearly produces more
natural restorations than EPLL [8], the strongest competitor.
Method

PSNR (↑ better)
MAE (↓ better)
20
30
40
50
20
30
40
50
Input
22.11 18.59 16.09 14.15 15.96 23.93 31.91 39.89
FoE [10]
28.87 26.81 25.45 24.47 6.79 8.56 10.03 11.24
BM3D [11]
29.25 27.32 25.98 25.09 6.40 7.95 9.25 10.22
29.40 27.39 26.08 25.09 6.39 7.96 9.23 10.33
LSSC [12]
EPLL [8]
29.38 27.44 26.17 25.22 6.37 7.90 9.12 10.17
U NIFORM AVG 29.47 27.50 26.21 25.25 6.30 7.84 9.08 10.12
P SNRRTFP LAIN 28.95 26.97 25.71 24.76 6.78 8.44 9.72 10.85
P SNRRTFA LL 29.67 27.72 26.43 25.51 6.14 7.62 8.80 9.78
M AERTFP LAIN 28.92 26.94 25.69 24.75 6.78 8.43 9.71 10.81
M AERTFA LL 29.67 27.72 26.43 25.50 6.12 7.59 8.77 9.74
S SIMRTFP LAIN 28.49 26.55 25.31 24.41 7.17 8.92 10.23 11.34
S SIMRTFA LL 29.23 27.14 25.67 24.75 6.60 8.39 9.96 11.06
N LPLRTFP LAIN 28.61 26.66 25.32 24.42 7.09 8.80 10.28 11.37
N LPLRTFA LL 29.60 27.64 26.34 25.40 6.20 7.71 8.92 9.93
σ

SSIM (↑ better)
20
30
40
50
0.541 0.401 0.307 0.242
0.848 0.776 0.712 0.660
0.855 0.793 0.741 0.699
0.861 0.799 0.745 0.700
0.864 0.800 0.747 0.703
0.863 0.802 0.749 0.705
0.840 0.771 0.716 0.666
0.868 0.809 0.758 0.717
0.840 0.771 0.715 0.669
0.867 0.808 0.758 0.717
0.844 0.778 0.721 0.676
0.872 0.815 0.766 0.726
0.828 0.758 0.694 0.653
0.866 0.806 0.755 0.714

Table 1: Denoising test set results. We compare state-of-the-art competitors to configurations of
our method (RTF). For each measure, the result of the strongest competitor is printed in blue, and
the best RTF result is printed in green. The gain of our method is statistically significant as per
Wilcoxon signed-ranks test (p < 10−5 for each blue-green pair in each column).

We consider eight configurations of our method, based on the combinations of loss functions we
optimize (P SNRRTF, M AERTF, S SIMRTF, N LPLRTF) and two different feature sets: using only a
generic filterbank (RTFP LAIN ), as well as the filterbank and predictions by the competing methods
FoE, BM3D, LSSC and EPLL (RTFA LL ). Note that the N LPLRTF-systems are trained to minimize
the negative log-pseudolikelihood, so N LPLRTFP LAIN corresponds to the system in [5].
In all cases, an RTFA LL -system trained for the specific loss achieves the best result. In terms of
PSNR, the gains over the best published method range from 0.26dB to 0.29dB across the different
noise levels. This is a substantial improvement and is clearly visible, as shown in Fig. 2. The gains
are even more pronounced in terms of MAE and SSIM. Note that it is not at all apparent how the
other systems could be made to take into account these measures.
Observe that RTFs trained for a specific loss perform much better than the N LPLRTF of [5]. The impressive difference between P SNRRTFP LAIN and N LPLRTFP LAIN ranges from 0.31db to 0.39db. This
gap narrows as more powerful features are added to the models, but remains statistically significant.

6

Conclusion

We proposed a novel framework for non-parametric conditional random fields, based on two ideas.
First, non-parametric regression trees as a flexible representation. Second, loss-specific training,
selecting all aspects of the model so as to optimize a task-specific loss. Jointly, these ideas result in
significant gains in the important real-world problem of image denoising.
4
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